We present a new numerical method for the solution of the problem of diffraction of light by a doubly periodic surface. This method is based on a high order rigorous perturbative technique, whose application to singly periodic gratings was treated in the first two papers of this series. We briefly discuss the theoretical basis of our algorithm, namely, the property of analyticity of the diffracted fields with respect to variations of the interfaces. While the algebraic derivation of some basic recursive formulae is somewhat involved, it results in expressions which are easy to implement numerically.
Introduction
Diffraction gratings are optical devices which, due in part to their microscopic geometrical design, can produce useful patterns of diffraction of electromagnetic radiation, and can exhibit good properties of absorption of electromagnetic energy. Because of their theoretical interest, as well as their engineering and industrial applications, a great deal of effort has been devoted to theoretical and experimental investigation of these devices. Most such investigations (including the first two papers [5, 6] in this series) have dealt with singly periodic gratings, sometimes called classical gratings, even though the corresponding doubly periodic structures, or crossed gratings, hold much interest also [14, 24, 16, 8, 11, 15, 18] . Indeed, not only can crossed gratings be used in settings in which classical gratings are employed, but they are also natural candidates as good absorbers of solar energy or as anti-reflecting surfaces.
Diffraction gratings give rise to complicated physical phenomena, and their experimental investigation is costly. Thus, numerical methods capable of solving Maxwell's equations and producing accurate predictions of their properties play an important role. Methods that produce satisfactory results for classical gratings have been introduced in the last few decades [22] , see also [6] . Numerical methods for crossed gratings, based on integral or differential formalisms, have also been given [16, 24, 8, 18, 19, 12] , and, together with some experimental research [18] , have helped gain some insight into their properties. It is recognized [15, p. 57] , however, that improvement in the numerical modeling of crossed gratings is necessary. Indeed, the mathematical complexities introduced by the oscillatory nature of the waves and interfaces which already exist in the singly periodic case, are amplified in the case of crossed gratings in which a three-dimensional diffraction problem must be solved. These difficulties lead to long computing time and limited resolution in the computer codes produced until now.
In this paper we shall introduce a new numerical algorithm for the solution of doubly periodic diffraction problems. This algorithm is based on a rigorous high order perturbative technique which we introduced recently in the context of singly periodic problems [5, 6] . For classical gratings we have shown, through applications to sinusoidal and triangular profiles, that perturbative techniques can lead to results of considerable better quality than the integral or differential formalisms in many situations of interest in applications. The success of our algorithm in the singly periodic case motivated us to extend our methods to the case of crossed gratings. As it happens, the three dimensional version of our algorithm yields a very good performance; some examples will be given below. Since doubt had been cast [23, p. 411] on the theoretical validity of perturbation methods, such as ours, in diffraction problems, we produced [4] a detailed analysis establishing, in the singly periodic case, a rigorous justification of our numerical approach. The extension of the theory to the three dimensional problem will be briefly discussed in §3.1. It follows along the same lines of [4] , though some points of difficulty do occur. The basic formulae of the algorithm are presented in §3.2 and numerical experiments follow in §4.
While our method applies to general bi-periodic surfaces, our numerical experiments will be confined, for simplicity and following [18] , to surfaces which consist of the sum of two sinusoids. Generalization of our computer code to surfaces other than bi-sinusoidal is in principle immediate, but the full domain of applicability of our algorithm is yet to be explored. Comparison with previous work will show that the use of our perturbative approach can be very advantageous. For example for a bi-sinusoidal gold grating for which numerical and experimental data is presented in [18] , we obtain results with almost full double precision accuracy, while results with an accuracy of eight digits are already obtained by a twenty second calculation in a desk top computer. The accuracy of the integral method has been estimated to be, in the same problem, of about two digits [8] . This is a particularly simple case, and the accuracy of our algorithm, (as that given by other methods) decreases when the height to period ratio of the grating is increased. We will demonstrate, however, that our algorithm can be applied to wide range experimental configurations with a rather limited computational effort, and that, at least in the cases considered here, it yields results of substantially better definition than other methods available at present.
Doubly periodic gratings
Consider a doubly periodic grating, i.e., a surface and regions $7+ = {z > f(x,y)} and 17" = {z < f(x,y)} which are assumed to be filled by two different materials, such as air and a metal, of respective dielectric constants e + and e~. The permeability of both materials is assumed to equal /i 0 , the permeability of vacuum. If the function / does not depend on j/, then we have a singly periodic grating. In this paper, however, we consider the case in which the grating is genuinely doubly periodic, with periods d\ and d 2 in the x and y directions, respectively.
We wish to determine the pattern of diffraction that occurs when an electromagnetic plane wave 
In particular, the fields v = E y H satisfy the Helmholtz equation
with k 2 = u 2 €fi 0
The total fields gdown == £J-rjdawn = TJmust satisfy these equations in the regions £2+ and ft", and at the interface z = /(x, y) they must verify the transmission conditions n x (E up -&*"*) = 0 , n x (jfr* -tf*™) = 0on: = /(z,y).
In case the region ft~ is filled by a perfect conductor, there will only be reflected fields. The boundary condition in this case is nxE up = 0 on z = f{x,y) .
To complete the prescriptions, we observe that the double-periodicity of the structure implies that the fields must be (a,/?) quasi-periodic, i.e., they must verify equations of the form By separation of variables it is easy to show that the diffracted electric field in the regions z > max{/(x, y)} and z < min{/(x, y)} is given by the expansions 
It is clear from (6) that only a finite number of modes propagate away from the grating, the remaining modes decaying exponentially with the distance to the In this connection, the principle of conservation of energy yields a simple and valuable test of accuracy for numerical methods in diffraction problems in the absence of lossy materials: if we let U* denote the set of indices corresponding to the non-evanescent modes, then provided the dielectric constants €+ and e~ are real.
Solution via variation of boundaries
In §3.1 we present a brief account of the theory upon which our numerical method is based and in §3.2 we derive the basic recursive formulae. The derivation of these formulae is rather lengthy, but it results in expressions which are easy to implement numerically.
Three-dimensional theory
In this section we shall describe the main theoretical results of analyticity of the solution (E(x, y, z\ 6), H(x, y, z\ 6)) corresponding to the grating with respect to the height 6. Proofs will only be outlined; details will appear elsewhere. The reader can also consult our work [4] where the two-dimensional problem was studied. Even though the proof in the three-dimensional case follows the same lines, some points of difficulty do occur due to the higher dimensionality and the vector-valued character of Maxwell's equations (in contrast with the scalar Helmholtz equation of the two-dimensional case). As in [4] , the basic idea is to study a holomorphic formulation of the problem using surface potentials. The first step consists of showing that the densities entering the potential theoretic formulation are analytic in the parameter 6 as well as in the spatial variables. The analyticity of the densities allows us then to show that, for sufficiently small 6, the solutions (E+(x y y,z;6),3+(x,y,z;6)) and (E"(x,y,z;6) J H"(x J y y z;6)) extend analytically (in (x, t/, z, 6)) to { z > zo } and { z < -ZQ } respectively, where ZQ < 0 is sufficiently small. This, in turn gives the theoretical justification for the recursive formulae in §3.2: the partial derivatives of (E ± (x 1 y } z;6),H ± (x^y i z;6)) with respect to 6 at 6 = 0 ("flat interface") satisfy certain boundary value problems for Maxwell's equations, in regions with plane boundaries which can be solved in closed form. Moreover, as a byproduct of the proof of analytic continuation of the fields we establish their analyticity away from the interface without a restriction on the size of 6. In particular, this implies that the Rayleigh coefficients (where HQ denotes a Hankel function) together with certain symmetry related relations, the existence of an (a, /?) quasi-periodic fundamental solution can rigorously be established. Now, using the jump relations for the operators Vf, Sf and TJj* (see [20, p. 205] ), the transmission conditions (4) imply (Note that this says that, provided the currents are analytic, the integrals in (11) define analytic functions of (#,y;£), even though the kernels are not themselves analytic). Finally, for each fixed SQ € R, the operator As 0 can be shown to be compact. Thus, the operator / + As 0 is invertible, provided the solution to the problem when 6 = 6Q is unique. If this is the case, then a simple perturbation argument shows that the operator I + As is invertible in J €^{ So) for S close to 6Q.
The invertibility of I + As implies that the surface currents j and f defined by (11) are analytic functions of (x, y; 6). This, in turn, allows us to prove the following Theorem. To obtain these formulae, first notice that, due to (2), we have that
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and Finally, we exchange the sums in /, m and r, 5 to obtain the Fourier series for the right hand sides of (21) and (22) . It is easily checked that 41m) = 0 if |<| > kF or \m\ > kF.
Thus, the sums over (/, m) can be restricted to -kF < l,m < kF and therefore the sums in (r, $) reduce to sums for -nF < r, s < nF. Then, equating Fourier coefficients yields the recursive formulae In the problem considered in Table 1 there are five propagating modes with   6 (i,o) = e (-i,o) and e(o,i) = e(o,-i). We observe an excellent performance of the method, with meaningful results for height-to-period ratios of up to h/d = 1.
Applications of other numerical methods for crossed gratings have been restricted, due to constraints in computing time and storage, to cases in which only a few non-evanescent modes occur. Our method does not seem to be affected by such problems, and it remains accurate even in the presence of a large number of diffracted modes. To illustrate this point, we present in Table 2 results corresponding to normal incidence of light with X/d = 0.4368 (a case which has been used repeatedly in the literature in tests of numerical methods for singly periodic gratings). In this case there are 21 diffracted modes, and we have chosen to display the efficiency in the (0,0) order only. A very good performance is still observed. Table 2 : Efficiency of order (0,0) for the perfectly conducting grating (31) under normal incidence with a wavelength-to-period ratio X/d = 0.4368: [14/14] Pade approximants.
In order to gain an insight on the performance of the method in transmission problems, we present, in Table 3 , data corresponding to the same case as in Table 1 except that now the grating is made from a material with a real refractive index i/o = 2. Only the values of the efficiencies corresponding to reflected orders are shown. We see that the accuracy in this loseless transmission problem is at most one order of magnitude worse than in the perfect conductor case. For comparison purposes, we now give three examples that correspond to the lossy gratings treated in [18] . The values for the refractive indices of metals we used were taken from [21] . The first two cases below (Figures 1 and 2) were obtained in [18] as a result of a search for totally absorbing gratings. For this, the authors considered first a bi-sinusoidal grating in gold and studied the zeroth-order reflectance as a function of the period d (see [18, Fig. 7.17] ). Only the zero order efficiency is non-evanescent in this case.
In Figure 1 Table 4 , which contains a convergence study for the values of the reflected energy at d = 0.62//m for the curves labeled 2 and 3 in Figure 1 . We see that, as claimed, an accuracy better than 8 digits is obtained by an approximation of order 13. To demonstrate the range of parameters in which our method can be applied, we include a third column in Table 4 
Conclusions:
We have introduced a new numerical method for the solution of problems of diffraction in a doubly periodic, three dimensional structure. The method is based on a rigorous high order perturbative technique which had proven successful in the corresponding problems in the singly periodic case. If approximations of very high order are sought, our method may become prohibitively expensive in terms of computing time and storage. Fortunately, however, excellent convergence is observed for approximations of relatively low orders. Furthermore, once the Pade approximants have been calculated for a particular set of parameters, the efficiencies can be obtained for any number of different heights at virtually no cost. And, the performance does not seem to be substantially affected by the presence of a large number of non-evanescent modes.
We have shown through examples of varied nature that computation times of about twenty to thirty seconds on a desk top computer suffice to give very accurate results for bisinusoidal gratings. Generalization of our codes to surfaces other than bi-sinusoidal is in principle immediate, but the full domain of applicability of our algorithm is yet to be explored.
We have compared our results with other theoretical results available in the literature. The most important features of the efficiency curves given by other methods, such as total absorption, have been confirmed. Some rather marked differences have been observed, however, between previous curves and ours. Thus we have performed convergence studies which demonstrated the high accuracy of our results; graphical differences can therefore be attributed to low accuracies of other methods, or to use of different values for the refractive indices of the metals. In any case, the higher resolution of our method has been established. We believe that the improvement in the numerical resolution given by our algorithm, accompanied by its low computational cost, will prove significant in future design applications.
